Scaling Laws, the Golden Ratio,
& the Small-Angle Scattering of
Biomolecules
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I) A fast method for calculating scattering

Intensities




Shape Determination

Ab Initio Methods Rigid Body Modeling
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Chacon et al. 1998, Svergun 1999 Wall et al. 2000, Curtis et al. 2012



Connection to Simulations

Single Protein
Fuglestad et al. 2012 Concentrated Protein Solutions



Scattering Fundamentals
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Easier Said Than Done

I (Q) — <I (q)>all directions

N N .
sin (q|rj — r|)
Exact Result: [ (q) = b;by, (Debye 1915)
22

Summing over all pairs is an O(N?) calculation

For one protein, N ~ 103 — 10°

Even worse for:  multiple proteins
flexible domains
shape determination



A Simple Alternative

I (Q) — <I (q)>all directions

q: scattering vector
1(q): q-dependent scattering intensity
I(g): measured scattering intensity

Numerically calculating I[q] at a given q scales as O[N] (N = number of atoms)

To get I(q), just average over I[q] for many q’s :

I(q) %% Zl(q(j))

Calculating I(q) then scales as O[nN]




Generating a Quasi-Spherical Lattice
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Golden Vector Method

Step 1: generate n scattering vectors q'” on quasi-spherical lattice using golden ratio

Step 2: calculate 7 [q"] for each qV

Step 3: average over all / [q]: [ (¢) ~ % Z I[q]

q(¥) €lattice

* Speed scales as O[nN]
* For given level of accuracy, 2-8 times faster than Spherical Harmonic Method (CRYSON)
*  Watson and Curtis, Journal of Applied Crystallography, 2013



Summary

* Golden Vector Method: simple yet powerful
— good for any collection of atoms

— easy to customize

* Ongoing Work at NCNR:

— analysis of polymer simulations (Mike Hore)

— 1ncorporate solvent effects and web server
(Hailang Zhang and Joseph Curtis)



I) A fast method for calculating scattering

Intensities

IT) Scaling Laws & Molecular Disorder
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A Curious Result for Compact Proteins:
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What 1s Ve really?

([ I(g) ! T
Ve (gm) = m q dq ¢m = adjustable parameter
0

Properties well known for q,, — 00, but what about finite gm ?

It can be shown that:
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Compact Molecules:

k=1 k=2
Disordered molecules:
J (Qm) — . smaller than J (q,,,)
" + for compact molecules
k=1 k =2
21 (0
Ve (g = 21O
IinJ (dm)

Ve (gm) 1s *larger™® for disordered molecules, for a given number of atoms



Ve probes molecular disorder

V. (gm) (A%
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information about disorder is even contained at very low gm



Scaling Laws for Ve

1
qri AS _ (0.2 — 0.5) A Upper limit for Small-Angle Scattering (SAS)
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For compact proteins: Ry o< N / N = number of atoms
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Theory Agrees with Compact Protein Data

Ve (qm=02 A'l)
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Disordered Proteins Have a Larger Ve
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Position in plot can be used to quantify level of disorder



Summary of Ve

Ve = ([ 10 dq)_l

Concentration independent, relative scale, easy to calculate

Useful for comparing two molecules with roughly same # of atoms in a model-free way

Contains good information even at low gm
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Can be applied to other molecules too (e.g. RNA, polymers...)
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